It is useful to compare the results obtained so far with other approaches to the critical exponents. One is a similar field-theoretic approach based on perturbation expansions of φ 4 -theories. But instead of working in D = 4−ε dimensions and continuing the results to ε = 1 to obtain critical exponents in the physical dimension D = 3, perturbation expansions can be derived directly in three dimensions, and studied in the regime of small masses. Fundamentally, this approach is less satisfactory than the previous one since there is no small parameter analogous to ε which permits us to prove the existence of a scaling limit at least for small ε. Another disadvantage is that it is impossible to calculate the expansion coefficients analytically, except for one-and two loop-diagrams. In one respect the three-dimensional approach has, however, an advantage: the power series have long been available up to six loops for ω, η, and ν, and there exist recent results up to seven loops for the critical exponents η and ν. Although numerical expansions are not as esthetic as the exact expansions derived in this book, their increased order leads to a higher accuracy in the critical exponents, as we shall see below in Section 20.4.
Sixth-Order Expansions in Three Dimensions
The three-dimensional φ 4 -theory is defined by the bare energy functional
where the coupling constant is normalized to obtain the most convenient perturbation expansions. The field φ B (x) is an N-dimensional vector, and the action is O(N)-symmetric in this vector space. By calculating the Feynman diagrams up to six loops, and imposing the normalization conditions (9.23), (9.24) , and (9.33) we find renormalized values of mass, coupling constant, and field related to the bare input quantities by renormalization constants Z φ , Z m 2 , Z g :
2)
The divergences are removed by analytic regularization [1] . In the literature, we find expansions for m 2 B /m 2 , g B /g, and φ B /φ in powers of g up to g 6 (six loops), the latter two having recently been extended to the power g 7 (seven loops) [2, 3] . We shall first discuss in detail the variational resummation of the six-loop expansions.. The small improvements of the critical exponents brought about by the seven-loop terms will be calculated separately in Section 20.4.
Introducing the reduced dimensionless coupling constantsḡ ≡ g/m andḡ B ≡ g B /m, these determine the renormalization group functions by the following equations:
3) For our purpose, we must study all quantities as functions of the reduced bare coupling constant g B . In terms of this variable, the beta function β(ḡ) is obtained from the logarithmic derivative
. (20.6) The function ω(ḡ B ) may then be obtained from the functionḡ =ḡ(ḡ B ) by the logarithmic derivative
Comparison with Eq. (20.21) shows that ifḡ(ḡ B ) goes to a constantḡ * in the strong-coupling limitḡ B → ∞, the limiting value ω ≡ ω(∞) plays the role of the approach parameter 2/q of the strong-coupling expansion of the functionḡ(ḡ B ).
Similarly we convert Eqs. (20.4) and (20.5) into functions of the bare coupling constant g B : Here and in the subsequent set of perturbative expansions, we save space by omitting in each termḡ n a denominator (N + 8) n . By integrating (20. 3), we see that ω(ḡ) implies the relation between bare and renormalized coupling constant: where we suppress a denominator (N + 8) n in each termḡ n B . Inserting this into the functions (20.11) , (20.12) , and (20.13), they become ω(ḡ B ) = −1 + 2ḡ B (8 + N ) −ḡ Let us also write down a power series expansion for the function γ(g B ) = [2−η(g B )]/[2−η m (g B )] which tends to the critical exponent γ of susceptibility. In resummation procedures applied to functions of the renormalized coupling constant g, this series has always been favored over that for η(g) since, in contrast to η(g), its expansion coefficients of γ(g) have alternating signs permitting application of Padé-Borel resummation techniques [4] . Note, however, that the expansion (20.17) 
Critical Exponents up to Six Loops
We are now ready to apply our strong-coupling theory to these expansions. First we study theḡ B → ∞ -limit of the series (20.15) for the renormalized reduced coupling constantḡ. We expect the theory to reproduce experimentally observed scaling laws which means thatḡ(ḡ B ) should tend to some constant value:ḡ(ḡ B ) →ḡ * forḡ B → ∞. The leading power parameter p/q = s inḡ B must be set equal to zero, implying for the power series ofḡ(ḡ B ) the vanishing of the logarithmic derivative in the strong-coupling limit, as before in Eq (19.64): (20.20) This equation is used to determine the critical exponent ω = 2/q. Alternatively, we may determine ω from the strong-coupling limit of the self-consistency condition Eq. (19.65) for ω, which reads here Our numbers merge smoothly with the 1/N-expansion curve which has been calculated [5] to order 1/N 2 :
To judge the internal consistency of our procedure, we calculate ω once more from Eq. (20.21) for ω = 2/q. Since ω appears also on the right-hand side of the series via the parameter q, this represents a self-consistency relation which can be iterated until input and output values for ω coincide for each L. The results are shown in Fig. 20 .3 for increasing orders The critical exponent ω can also be calculated from the expansions for γ and ν in this self-consistent way, as shown in Fig. 20.4 .
Note that the agreement between the self-consistent ω-values with the previous ones determined from the p = 0 -condition can be considered as a confirmation of the hypothesis that the theory does indeed have a definite strong-coupling limit in whichḡ(ḡ B ) tends to a constantḡ * (an infrared-stable fixed point in the language of the renormalization group). It also implies all other scaling properties to be derived below.
Proceeding to other critical exponents, we now take the function ν −1 (ḡ B ) = 2 − η m (ḡ B ) to the strong-coupling limit, to determine ν = ν(∞). The extrapolations to large L are done with the help of the approximations ν 2 , ν 3 , . . . , ν 6 , as illustrated in Fig. 20 .5. The resulting critical exponents are plotted against N in the second plot of Fig. 20 .2, and listed in Table 20 .1 on page 375. The points are seen to merge well with those of the 1/N -expansion [5] for ν: The function γ(ḡ B ) is treated somewhat differently. Since γ serves to determine the critical exponent η via the scaling relation η = 2 − γ/ν, and since this combination is very sensitive to small errors in γ (and in ν), we proceed as follows. After applying our method to the γ-series and calculating the approximations γ 2 , γ 3 , . . . , γ 6 , we go over to η 2 , η 3 , . . . , η 6 via the scaling relation η L = 2−γ L /ν and perform the extrapolation L → ∞ on these η-values, as illustrated in Fig. 20 .6. In this way, we obtain the smooth η-curves shown in the fourth plot of Fig. 20 .2 and listed in Table 20 .1 on page 375. The values of the highest approximation η 6 in the parentheses of Table 20 .1 are obtained from a direct variational treatment of the perturbation expansion for η. These are closer to the final η-values than the approximations of η 6 = 2 − γ 6 /ν used for the extrapolation, which are indicated in the parentheses on top of the plots of Fig. 20 .6. Still, we have used the latter for extrapolation since there are five of them to be fitted with the asymptotic curve (20.22) , while the η-expansion which has no linear term inĝ B provides us only with four values, making a fit less reliable.
The extrapolated η-values are inserted into the scaling relation γ = ν(2 − η) to derive the extrapolated γ-values plotted in the third plot of For large N, our critical exponents η are in excellent agreement with the 1/N -expansion, which is known [5, 6] up to order 1/N 3 : (20.25) where ζ(z) is Riemann's zeta function (13.16). Note that for η the finite-N corrections are very small. In fact, from the η 6 -values near N = 1000, we can extract numerically the 1/N-expansion 26) which agrees reasonably well with the exact expansion
It is worth pointing out that we may also apply our strong-coupling theory to 1/Nexpansions for η, to find expressions valid for all N down to N = 0 by treating 1/N just like the variable g B in Section 19.1. Taking the 1/N-expansion as an example, we derive a smooth fit from large to rather small N by adding another term −104/N 4 to (20.25) before going through the resummation. The extra term improves the fit, such that it is probably a good prediction for the yet unknown next term in the 1/N-expansion.
Since η starts out linearly at the "strong-coupling" value 1/N = ∞, the parameters p and q are 0 and 2, respectively. The resulting curve is shown in the fourth plot of Fig. 20.2 . It fits all data except for very small N. The figure shows also successive approximations provided by the 1/N-expansion.
The exponents γ also merge well with their 1/N-expansion [7] (20.28) as seen in the third plot of Fig. 20 .2. Finally, we exhibit the full power of our theory by plotting for the Ising case N = 1 the functionsḡ(ḡ B ), ω(ḡ B ), ν(ḡ B ), η(ḡ B ) for all coupling strengths in Figs. 20.8-20.10, together with the diverging perturbative approximations as well as the convergent strong-coupling expansion. We do this successively for each increasing order L of the approximations. On a logarithmic plot, the quality of these very different approximations looks surprisingly similar.
Although the functionsḡ(ḡ B ), ω(ḡ B ), ν(ḡ B ), η(ḡ B ) in Figs. 20.8-20.10 are derived by a numerical variational procedure, it is possible to write the results down in the form of new strong-coupling expansions which converge for all coupling strengths. We shall demonstrate [2, 9] ), or to five-loop expansions in ǫ = 4 − D ( [10, 11] ). For each of our results we give the L = 6 -approximation in parentheses to display the importance of the extrapolation procedure L → ∞. [3] this only for the Ising case N = 1, where ω = 0.805. Consider first the functionḡ(ḡ B ) with the sixth-order strong-coupling expansion (19.10) (whoseḡ B -dependence is displayed in Fig. 20.8 Forḡ B → ∞, this converges to the fixed pointḡ * = 1.400036164909792, the critical coupling constant. The important observation is that by changing variables to x = x(ḡ B ) defined bȳ 30) and re-expanding up to the order x 6 , we obtain a new modified strong-coupling expansion
Numerically, this happens to converge for allḡ B ∈ (0, ∞) where x ∈ (1, 0). Indeed, when plotting this function in Fig we insert x = 1 corresponding toḡ B = 0 and obtain 0.0025, which misses only slightly the free-field value 0.
Similarly we obtain a strong-coupling expansion of the critical exponent ν(ḡ B ). In accordance with the above determination of ν from a resummation of the series for the inverse
, we first derive the strong-coupling expansion for the inverse, and invert the resulting power series. The result is (20.32)
Changing again to the variable x = x(ḡ B ), and re-expanding up to the order x 6 , we obtain the convergent series
A plot of this expansion for ν in Fig. 20 .9 is again indistinguishable from the full variational perturbation curve for allḡ B . At x = 1 corresponding toḡ B = 0, this series gives now 0.5127, which is only about 2% larger than the free-field value 1/2. By inverting the series (20.31), we find x as a function of the deviation ∆ḡ ≡ḡ −ḡ * of the renormalized coupling from its strong-coupling valueḡ * :
x(ḡ) =− 0.4962591933798516∆ḡ + 0.1088027548080915∆ḡ 2 −0.02817579418977608∆ḡ
After inserting this into (20.33), we obtain the critical exponent ν as a power series in ∆ḡ:
In the weak-coupling limit, this is equal to 0.50039 rather than the exact 1/2. We now turn to γ(ḡ B ), for which the initial strong-coupling expansion ( The weak-coupling limits of these expansions are γ(x = 1) = 1.00015, γ(ḡ B = 0) = 1.00092 rather than the exact 1; and η(x = 1) = 0.0025, η(ḡ B = 0) = 0.00043 rather than the exact 0. The expansions for η(x) converge rather slowly, so it is preferable to do calculations involving η by replacing it by η = 2 − γ/ν and using the expansions for γ and ν without re-expanding the ratio γ/ν. Then the plots of the convergent expansion for γ(x) and of η(x) are found once more to be very close to the plots of the corresponding full sixth-order approximations, as shown in 
where we have introduced the function
After isolating the logarithmic divergence of the integrals at x = 0, these can be rewritten as where I(x) and I m (x) are the subtracted finite integrals
The integral I m (x) can readily be performed using a power series for 
we find
In the weak-coupling limit x → 1, the integral vanishes and the renormalized mass approaches the bare mass. In the strong-coupling limit x → 0, on the other hand, I m (x) becomes a constant and we obtain once more the scaling relation m ∝ m 2ν B . To study the crossover from the weak to the strong-coupling behavior exhibiting the critical behavior, we define a temperature interval ∆T F within which fluctuations are important, and set Finally, we use the series (20.31) forḡ(x) to calculate the β-function which plays an important role in the renormalization group approach to scaling (in contrast to our explicit theory). By definition, we obtain it as a function of x from the logarithmic derivative ofḡ(ḡ B ) [compare (20. 3)]
with f (x) from (20.44), the result being
The convergence of this strong-coupling expansion is seen by going to the weak-coupling limit x = 1 corresponding toḡ B = 0 where we find β(1) = −0.0046 rather than the exact value 0. Expressing x as a function of ∆ḡ via (20.34), we obtain
which is plotted in Fig. 20 .12. From this we can derive the function ω(ḡ) by a simple derivative with respect toḡ:
(20.57) Atḡ =ḡ * , the function ω(ḡ B ) has the value 0.805 as it should. In the weak-coupling limit g B = 0, it is equal to −.984, very close to the exact value −1. The full plot is shown in Fig. 20 .13.
As a check for the consistent accuracy of our expansion procedures, we calculate ω once more from
After expressing x in terms of ∆ḡ we obtain a series with coefficients very close to those in (20.57), with only a slightly worse weak-coupling limit −1.08 rather than −1.
Improving the Graphical Extrapolation of Critical Exponents
In the last section, the critical exponents were obtained by extrapolating the approximations of order 2, 3, 4, 5, and 6 to order L → ∞ using the theoretically calculated large-L behavior const+e −cL 1−ω . The plots showed how the exponents approach their limiting values as functions of N. Exploiting this knowledge of the analytic form of the approach to infinite L, we plot the approximate exponents once more against the variable x(L) = e −cL 1−ω rather than L [20] , as done in Section 19.7. The parameter c is determined by varying it until the points merge approximately into a straight line for large L. Its intercept with the vertical axis yields the desired extrapolated critical exponent. The plots displayed in Figs. 20.14-20.17 show that variational strong-coupling theory provides us with a powerful tool for deriving the correct strong-coupling behavior and critical exponents of φ 4 -theories in three dimensions. Table 20 .1 on page 375). Table 20 .1 on page 375).
Seven-Loop
Results for N = 0, 1, 2, and 3
For O(N)-symmetric theories with N = 0, 1, 2, 3, the power series expansions (20.12) and (20.13) have recently been calculated up to seven loops [12] . The results are [13]
In the expansions (20.17), (20.18) , and (20.19) of η, η m , and γ in powers of the bare couplings g B , these add the terms
6.099829565 7.048219834 7.378080984 7.380848508 (20.60) respectively. We now calculate the strong-coupling limit of the seven-loop power series expansions (20.18) for η m , extended by f Table 20 .1 on page 375). N = 0, 1, 2, 3. These results are derived using the six-loop ω-values listed in the last column of Table 20 .1 on page 375:
(20.61)
It is useful to study the dependence of the extrapolation on ω. The result is
We extrapolate our results to L = ∞ by plotting the data against the variables x(L) = e −cL 1−ω , as in Section 20.3. However, since we are now in the possession of an even number of approximants ν 2 , . . . , ν 7 , we may account for the fact that even and odd approximants are obtained differently, the former from extrema, the latter from turning points of the variational expression (19.16) . We therefore plot even and odd approximants separately against x(L), determining the unknown constants c by fitting to each set of points a slightly curved parabola and making them intersect the vertical axis at the same point. This yields the extrapolated critical exponent listed on top of each figure (together with the seventh-order value in parentheses, and the optimal parameter c).
For the critical exponent η we cannot use the same extrapolation procedure since the expansion (20.17) starts out withḡ 2 0 , so that there exists only an odd number of approximants η L . We therefore use two alternative extrapolation procedures. In the first we connect the even approximants η 2 and η 4 by a straight line and the odd ones η 3 , η 5 , η 7 by a slightly curved Table 20 .1 on page 375).
parabola, allowing for smooth approach to the asymptotic behavior of the three available odd approximations. Then we vary c until there is an intersection at x = 0. This yields the critical exponents η shown in Fig. 20.19 .
Allowing for the inaccurate knowledge of ω, the results may be stated as 
Alternatively, we connect the last odd approximants η 5 and η 7 also by a straight line and choose c to make the lines intersect at x = 0. This yields the exponents
as shown in Fig. 20 .20, the ω dependences being somewhat weaker than in (20.63). Combining the two results and using the difference to estimate the systematic error of the extrapolation procedure, we obtain for η the values
0.0311 ± 0.001 0.0347 ± 0.001 0.0356 ± 0.001 0.0350 ± 0.001
whose ω-dependence is the average of that in (20.63) and (20.64). For our extrapolation procedure, the power series for the critical exponent γ = ν(2 − η) are actually better suited than those for η, since they possess three even and three odd approximants, just as ν −1 . Advantages of this expansion have been observed before in Ref. [4] . The associated plots are shown in Fig. 20.21 .
The extrapolated exponents are, including the ω-dependence:
Unfortunately, the exponent γ = ν(2 − η) is not very sensitive to η since this is small compared to 2, so that the extrapolation results (20.63) are more reliable than those obtained from γ via the scaling relation η = 2 − γ/ν. By combining (20.62) and (20.63), we find from γ = ν(2 − η): 
the difference with respect to (20.66) showing the typical small errors of our approximation. As mentioned in the beginning, the knowledge of the large-order behavior does not help to improve significantly the accuracy of the approximation. In our theory, the most important information exploited by the resummation procedure is the knowledge of the exponentially fast convergence which leads to a linear behavior of the resummation results of order L in a plot against x(L) = e −cL 1−ω . This knowledge, which allows us to extrapolate our approximations for L = 2, 3, 4, 5, 6, 7 quite well to infinite order L, seems to be more powerful than the knowledge of the large-order behavior exploited by other authors (quoted in Table 20 .1 on page 375).
The complete updated list of exponents is shown in Table 20 .2 , which also contains values for the other critical exponents α = 2 − Dν and β = ν(D − 2 + η)/2.
Large-Order Behavior
The new coefficients follow quite closely their theoretically expected large-order limiting behavior derived from instanton calculations, according to which the expansion coefficients with respect to the renormalized couplingḡ should grow for large order k as follows [recall Eq. (16.12)]:
69)
whereη ≡ η + ν −1 − 2. The growth parameter α is proportional to the inverse euclidean action of the classical instanton solution ϕ c (x) to the field equations, and an accurate numerical evaluation yields [15] The quantity I 4 denotes the integral
Its numerical values in two and three dimensions D are listed in Table 20 .3 . The growth parameters β ω , β η , βη, are related to the number of zero-modes in the fluctuation determinant around the instanton, and are The constants I 1 , I 2 , I 6 are generalizations of the above integral I 4 : Table 20 .3 . The constant γ β is the prefactor of growth in the expansion coefficients of the β-function
The prefactors in γ ω , γ η , and γη in (20.68)-(20.70) are related to γ β by parameters are listed in Table 20 Table 20 .8 . The quality of the fits can be seen in Fig. 20.22 .
Note that even and odd coefficients f η k lie on two smooth separate curves, so that we fit the two sets separately. These fits permit us now to extend the list of presently available coefficients as shown in Table 20 .5 up to g 20 . The errors in these predictions are expected to be smallest for f Table 20 .6 . From the standard instanton analysis we know that the functionḡ 0 (ḡ) has the same left-hand cut in the complexḡ-plane as the functions ω(ḡ),η(ḡ), η(ḡ), with the same discontinuity proportional to e −const/g at the tip of the cut. Table 20 .8 . The curve for ω is the smoothest, promising the best extrapolation to the next orders, with consequences to be discussed in Section 20.6.
Hence the coefficients fḡ 0 k must have asymptotically similar alternating signs and a factorial growth. Surprisingly, this expectation is not borne out by the explicit seven-loop coefficients g
following from (20.68) in Table 20 .6 . However, if we look at the higher-order coefficients derived from the extrapolated f ω k sequence which are also listed in that table, we see that sign change and factorial growth do eventually set in at the rather high order 11. Before this order, the coefficients fḡ 0 k look like those of a convergent series. If we were to make a plot analogous to those in Fig. 20.22 for fḡ 0 k , we would observe huge deviations from the asymptotic form up to an order much larger than 10. In contrast, the inverse seriesḡ(ḡ 0 ) has expansion coefficients fḡ k which do approach rapidly their asymptotic form, as seen in Table 20 .7 . This is the reason why our resummation of the critical exponents ω,η, η as power series inḡ B already yields good results at the available low order seven. 
Influence of Large-Order Information
The critical exponents obtained so far have quite a high accuracy. The question arises whether this can be increased further by making use of the extended set of expansion coefficients in Table 20 .5 derived from the theoretically known large-order behavior (20.68)- (20.70) . We shall now demonstrate that the gain of accuracy is very modest. Within strong-coupling theory, the knowledge of the large-order behavior has little influence on the results except for ω whose values are slightly lowered (by less than ∼ 0.2%). The reason for this seems to be that in the present approach the critical exponents are obtained from evaluations of expansions at infinite bare couplings. The information on the large-order behavior, on the other hand, specifies the discontinuity at the tip of the left-hand cut at the origin of the complex-coupling constant plane, which is too far from the infinite-coupling limit to be of relevance. The use of ω-information in our extrapolation is crucial to obtaining high accuracy when resumming the series in the bare coupling constant. This information is more useful than the large-order information in previous resummation schemes in which the critical exponents are determined at a finite renormalized coupling constant g * of order unity, which lies at a finite distance from the left-hand cut in the complex g-plane. Although this determination is sensitive to the discontinuity at the tip of the cut, it must be realized that the influence of the cut is very small due to the smallness of the fugacity of the leading instanton, which is equal to a Boltzmann factor e −const/g .
Let us see the results obtained by using the extended list of expansion coefficients in Table 20.5 . The extrapolations are shown in Fig. 20.24 , for an extension of the known six-loops coefficients of ω(ḡ B ) and η(ḡ B ) by one extrapolated coefficient. This produces an even number of approximants which can be most easily extrapolated to infinite order. Forη(ḡ B ) we use two more coefficients for the same reason. The resulting ω 8 -values are lowered somewhat with respect to ω 6 from (20.61) to
(20.78) The new η values are 
It is interesting to observe how the resummed values ω L ,η L , η L obtained from the extrapolated expansion coefficients in Table 20 .5 continue to higher orders in N. This is shown in Fig. 20 .24 based on the theoretical convergence behavior error ≈ e −cN 1−ω . We shall argue below that these results are worse than the properly extrapolated values.
All the above numbers agree reasonably well with each other and with other estimates in the literature listed in Table 20 .1 on page 375. The only comparison with experiment which is sensitive enough to judge the accuracy of the results and the reliability of the resummation procedure is provided by the measurement of the critical exponent α = 2 − 3ν in the space shuttle experiment of Lipa et al. [16] whose data were plotted in Fig. 1.2 . By going into a vicinity of the critical temperature with ∆T ≈ 10 −8 K, their fit to the experimental singularity C ∝ |1 − T /T c | −α in the specific heat at the λ-point of superfluid helium, yields the highly accurate value [recall Eq. Table 20 .5 . The line is fitted to the maximum of all dots at the place specified by the number on top. Fat and small dots distinguish the resummed exponents used in the previous extrapolations from the unused ones.
Since ν is of the order 2/3, this measurement is extremely sensitive to ν, which is ν = 0.6702 ± 0.0001. (20.82) It is therefore useful to perform resummation and extrapolation at N = 2 directly for the approximate α-values α L = 2 − 3ν L , once for the six-loop ω-value ω = 0.8, and once for a neighboring value ω = 0.790, to see the ω-dependence. The results are shown in Fig. 20 .26.
The extrapolated values for our ω = 0.8 in Table 20 .1 on page 375 yield α = −0.01294 ± 0.00060, (20.83) in very good agreement with experiment. Note that the results get worse if we use more than eleven orders of the extended series. This shows that the higher extrapolated expansion coefficients in Table 20 .5 do not really carry more information on the critical exponent ν. Although these coefficients lie closer and closer to the true ones as expected from the decreasing errors in the plots in Fig. 20 .23, this does not increase their usefulness. The errors are samll only in relation to the huge factorially growing expansion coefficients. The resummation procedure removes the factorial growth and becomes extremely sensitive to very small deviations from these huge coefficients. This is the numerical consequence of the fact discussed earlier that the information residing in the exponentially small imaginary part of all critical exponents near the tip of the left-hand cut in the complex g B -plane has practically no effect upon the strong-coupling results at infiniteḡ B . Therefore, the knowledge of the large-order behavior is only of limited help in improving the accuracy of the approximation. In our theory, an additional important information is contained in the theoretically known exponential convergence behavior which predicts a linear behavior of the approximations when plotted against x(L) = e −cL 1−ω . This knowledge, which allows us to extrapolate our approximations for L = 2, 3, 4, 5, 6, 7 well to infinite order L, seems to be more powerful than that of the large-order behavior.
A further improvement of the above results should be possible by taking into account the existence of further terms 1/g
, . . . in the strong-coupling expansion (19.52), corresponding to confluent singularities [17] in the renormalized coupling constantḡ. This can be done following the strategy developed for simple quantum-mechanical systems [18] .
Another Variational Resummation Method
With the experimental value of α offering a sensitive method for the quality of various resummation schemes, let us also try another such scheme based on variational perturbation theory [19] . Consider the seven-loop power series expansion for ν Using the fits in Tables 20.8 to the theoretical large-order behavior we extend this series to higher orders as follows (see Table 20 .5 ) [20] : The critical exponent ν −1 is obtained by evaluating this series at h = 1 via variational perturbation theory. From the result we obtain the critical exponent α = 2 − 3ν.
For estimating the systematic errors of our resummation, we also re-expand (20.88) to find the corresponding power series for α = 2 − 3ν: whose value at h = 1 gives directly the critical exponent α, from which we obtain another approximation for ν = (2 − α)/3. In order to obtain a first idea of the behavior of the expansions (20.88) and (20.89), we plot their partial sums at h = 1 in the upper row of Fig. 20 .27. After an initial apparent convergence, the partial sums show the typical divergence of asymptotic series which call for a resummation. A rough resummation is possible using Padé approximants. The results are shown in Table 20 .9 . The highest Padé approximants yield
The error is estimated by the distance from the next lower approximation. We now resum the expansions (20.88) and (20.89) by variational perturbation theory. Since we now want to know the functions at a finite argument h, we cannot use (19.16) but must first adapt our function to the general form to which we can apply our resummation procedure. Plotting the successive truncated power series for ν −1 (h) against h in Fig. 20 .28, we see that this function curve seems to have a zero somewhere above h = h 0 = 3. We therefore go over to the variable x defined by h = h(x) ≡ h 0 x/(h 0 − 1 + x), in terms of which f (x) = ν −1 (h(x)). It has a power series expansion which behaves like (20.9 ) with p = 0 and q = 2, and has to be evaluated at x = 1 corresponding toḡ B = 0. This large-x behavior is obtained in the resummation of (20.91) by introducing an auxiliary scale parameter κ and forming the truncated functions
The parameter κ will be set equal to 1 at the end. Then we introduce a variational parameter K by the replacement
The functions f L (x) are so far independent of K. This is changed by expanding the square root in (20.93) in powers of κ 2 − K 2 , thereby treating this quantity as being of order h. The terms κ p x n /κ qn in (20.92) are then expanded as 2 )K q at κ = 1, and K 2 = v −1 . The appropriate modification of formula (19.16) for the evaluation at unit argument rather than the strong-coupling limit is
The variational expansions are listed in Table 20 .10 . They are optimized in v by minima for odd and by turning points for even L, as shown in Fig. 20.29 . The extrema are plotted as 
High-Temperature Expansions of Lattice Models
It is also possible to extract the critical value β c directly from the following combination of ratios:
β n = [nR n − (n − 1)R n−1 ] −1 . (20.98)
Since this combination contains no corrections of order 1/n, we plot the sequence against 1/n 2 , with the results shown in Fig. 20.30 . The critical exponent γ can be obtained most directly from the n → ∞ -limit of the sequence γ n = 1 − n(n − 1) R n − R n−1 nR n − (n − 1)R n−1 . (20.99)
An alternative and more ancient access to critical exponents of the O(N) universality classes is possible via the classical Heisenberg model, whose energy has been given in Eq. (1.52). For this model, the literature has by now offered extensive high-temperature expansions. The basics of such models are explained in many textbooks [21] . The classical Heisenberg model has the partition function
where β ≡ J/k B T is the inverse temperature in natural units, S i are unit vectors on the lattice sites x i covered by the sum over i. For each i, the sum over j runs over all nearest neighbors of the site x i . The integrals dS(x i ) cover the surface of an N-dimensional sphere. For this model, several quantities have been calculated [23] on square, simple-cubic (sc), and body-centered cubic (bcc) lattices as a power series in β up to the order β 22 . In particular, we know the susceptibility If we form the combination
this quantity is proportional to the square of the coherence length, and diverges like This function gives direct access to the critical exponent ν. In a finite system, all lattice functions such as χ(β) and X 2 (β) are polynomials in β. These have complex-conjugate pairs of zeros in the complex plane corresponding to the degree of the polynomials. For a growing number of lattice sites, these zeros approach the real β in the form of two sequences from above and below. In the thermodynamic limit of an infinite system, the points move arbitrarily close to each other and form two continuous lines whose end points pinch the β-axis at β c [22] . When taking the logarithm of Z and forming −βf ′ , the lines of zeros become lines of singularities, giving rise to a critical power behavior, such as For the ratios R n of two successive large order coefficients, this implies the following limit:
If an expansion is known up to a sufficiently high order in β, this can be used to estimate the critical β c as well as the critical exponent γ. We simply plot 1/R n against 1/n and read off β c from the extrapolated intercept. This procedure is called the ratio test. The slope at the origin is −(γ − 1)β c , and yields the critical index γ. The plots for N = 0, 1, 2, and 3 are shown in Fig. 20 .31. The extrapolation of the average of even and odd sequences is shown in Fig. 20.32 .
Similar procedures can be applied to the power series for X 2 (β) and the critical exponent 2ν. In Fig. 20.33 we determined the critical exponent ν by plotting the ratios R n against 1/n, fitting the last four points of even and odd sequences by parabolas, and deducing from the average slope the critical exponent ν.
Butera and Comi have performed much more sophisticated analyses which are summarized in Tables 20.11 
